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Abstract
We show that formally for the standard ansatz relativistic point-coupling mean-field
(RMF-PC) model a lagrangian density L is not equivalent in Hartree and Hartree-
Fock approximations. The equivalency can be achieved only if we use a “complete”
ansatz at the cost of introducing new parameters in the model. An approximate
treatment of the exchange terms from standard RMF-PC indicates that these effects
cannot be easily, if at all, absorbed by a Dirac-Hartree approximation.
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1 Introduction
Relativistic mean-field models, which describe the nucleus as a system of Dirac
nucleons that interact with each other by exchanging mean meson fields, have
been successful in describing nuclear matter and ground state properties of
finite nuclei [1,2,3,4,5,6,7,8]. Applications include the calculation of deformed
nuclei [8,10,11,12], odd nuclei [8], nuclei at the driplines [13], the potential en-
ergy surfaces of heavy nuclei [8], and the prediction of superheavies [9,8,14].
Another variant is the point-coupling model [18,15,17]. The difference be-
tween this model and the Walecka model is the replacement of the mesonic
potentials of the Walecka model by explicitly density-dependent potentials.
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Nikolaus, Hoch, and Madland [17] used the Hartree form of this model to
calculate some observables of finite nuclei and nuclear matter. They obtained
similar predictive power as the Walecka model, but used different weights and
observables from Ref. [1] to obtain their parameter set. In Ref. [18], Rusnak
and Furnstahl have shown the profitability of applying the concepts of effective
field theory to the point-coupling model. A more recent discussion about the
point-coupling model can be found in Ref. [15,16]. It consists of a careful way
to obtain a new parameter set for the point-coupling model which is likely to
correspond to the optimal minimum by combining different methods for the
χ2 minimization. This parameter set was applied to a wide area in nuclear
theory, from spherical finite nuclei, axially deformed nuclei, superheavy ele-
ments, potential energy surfaces, nuclear matter, neutron matter, up to exotic
nuclei. It could be shown that point-coupling models can deliver a predictive
power for finite nuclei comparable to models employing meson exchange. On
the other hand, especially concerning isovector properties, the point-coupling
model suffers from the same unresolved systematic deviations.
From the success of the RMF (Walecka and point-coupling) models, we sup-
pose that the exchange effect is already absorbed effectively in the coupling
constants of the model due to the fitting procedure, but some calculations
which take into account the exchange explicitly by using the linear Walecka
model have shown that this does not seem to be the case [19,20]. Understand-
ing this situation seems necessary and interesting. Unfortunately, due to the
finite range of the mesons and the mesonic nonlinearity of the RMF model,
it is difficult to expand this model in the above direction. This problem does
not appear if we use the point-coupling model [17], because in this model the
linear and nonlinear terms are explicitly density dependent. Therefore in this
paper, we choose the point-coupling model for a first study of the role of the
exchange effects.
We would like to stress that we regard this work as a model study. The aim
is to check the principle effects of exchange terms as compared to an effective
Hartree theory. This is done for the two-body point-coupling terms of the
standard RMF model. Higher order couplings are treated without exchange
and the pseudoscalar (pionic) channel is omitted for the time being.
In the following, we will use the phrase strict Hartree for an ansatz that is
taken from the start in the Hartree approximation. We will use Hartree-Fock
for a model in which the exchange terms are treated explicitly. If this model
can be transformed into a form consisting of local currents and densities only
(no matter how complicated they are), we will call the result of this rewriting
an effective Hartree theory. Mapping formally this general form onto a Dirac-
like structure leads to the Dirac-Hartree theory.
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2 The formulation of Hartree-Fock Point-Coupling Model
2.1 Basic one-particle operators and densities
We beginn by defining the basic Dirac & isovector matrices Γj . There are two
sets
Γj ∈


H = {1, γµ, γµ~τ}
HF = H ∪ {~τ , σµν , σµν~τ , γ5, γ5~τ , γ5γµ, γ5γµ~τ}
The “Hartree” set H covers the currents initially given in the RMF-PC La-
grangian. The “Hartree-Fock” set HF covers all conceivable Dirac matrices as
they are produced by the Fierz transformation [28]. The currents are defined
as:
Jˆj =
ˆ¯ψΓjψˆ , Aˆjµ = ∂µJˆj , Bˆjµ =
ˆ¯ψ
↔
∂µ
2i
Γjψˆ , Cˆj = ∂µ
ˆ¯ψΓj∂
µψˆ ,
where
↔
∂µ=
←
∂µ −
→
∂µ. These are the current operators from which actually only
Jˆj is used at operator level. The associated currents are the expectation values
Jj =
∑
α
Ψ¯αΓjΨα , Ajµ = ∂µJj ,
Bjµ=
∑
α
Ψ¯α
↔
∂µ
2i
ΓjΨα , Cj =
∑
α
∂µΨ¯αΓj∂
µΨα , (1)
where the sum is running over occupied particle states only (anti-particles are
neglected = no-sea approximation).
2.2 The Lagrangian
Starting point is the Lagrangian
Lˆ= Lˆfree + Lˆ
PC
L + Lˆ
PC
NL + Lˆcoul, (2a)
LˆPCL =
1
2
∑
j∈H
[αjJˆ
2
j + δjAˆ
2
j ], (2b)
LˆPCNL =
1
3
βSJˆ
3
S +
1
4
γSJˆ
4
S . (2c)
At this point, replacing the current operators by their expectation values leads
to a strict Hartree theory, as is mostly applied to nuclear structure problems.
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But we are going here for a Hartree-Fock treatment. To this end we chose
a Slater determinant |0〉 as the ground state with A occupied single-nucleon
levels (in the positive energy sector). It is defined by
b†i |0〉 = 0 ∀ i ≤ F, (3)
(F indicates the fermi surface). We compute the expectation value of the La-
grangian (2) in standard manner and employ Fierz transformations to express
exchange terms through simple currents.This yields
〈0|LPCL |0〉=L
PC
L −L
PC
Lx , (4a)
LPCL =
∑
i∈H
[
1
2
αi J
2
i +
1
2
δi A
2
i
]
, (4b)
LPCLx =
∑
i∈H
∑
j∈HF
[
Cji
(
1
2
αi J
2
j + δi (
1
4
A2j − B
2
j + Jj C
j)
)]
. (4c)
The constants Cji stem from the Fierz transformation, their explicit form can
be found in table 1.
Thus we have performed - by virtue of the Fierz transformation - a map-
ping from a Hartree Fock model to an effective Hartree model for all linear
terms. The expectation value of non-linear term LˆPCNL has been calculated in
Refs. [27,15]. The results are quite lengthy, therefore it is not useful to consider
them explicitly here. The exchange terms emerging from the nonlinear part
of the Lagrangian form a large variety of density-mixing terms, involving also
products of isoscalar and isovector densities. This leads to modifications in
both the isoscalar and the isovector channel of the effective interaction with-
out introducing new parameters. Another feature of this result is that the
contributions from the nonlinear exchange terms cannot be absorbed fully by
a redefinition of the coupling constants into terms of LPCNL and they also cannot
be considered as small corrections.
2.3 The Hartree-Fock equations
Variation of the effective Lagrangian density (4) with respect to the single-
nucleon wavefunctions yields the effective mean-field equations
4
Cji Γi=1 Γi =γµ Γi=γµ~τ
Γj =1
1
8
4
8
12
8
Γj=~τ
1
8
4
8 -
4
8
Γj=γµ
1
8 -
2
8 -
6
8
Γj=γµ~τ
1
8 -
2
8
2
8
Γj=σµν
1
16 0 0
Γj=σµν~τ
1
16 0 0
Γj=γ5
1
8 -
4
8 -
12
8
Γj=γ5~τ
1
8 -
4
8
4
8
Γj=γ5γµ
1
8
2
8
6
8
Γj=γ5γµ~τ
1
8
2
8 -
2
8
Table 1
The Cji constants of equation (4).
0=
[
−iγµ∂
µ +mB + V
jΓj + U
jµΓj∂µ +W
jΓj∂
µ∂µ
]
Ψα (5a)
V jΓj = S˜ + γαV˜
α (5b)
U jµΓj =Uµ + γ
αUαµ (5c)
W jΓj =W
1 + γαW
2α (5d)
S˜ =αaJa − (δa + δ˜a)∂
µAµa +
2
3
δ˜a(i∂
µBµa + Ca) (5e)
V˜ α=αbJ
α
b − (δb + δ˜b)∂
µAαµb +
2
3
δ˜b(i∂
µBαµb + C
α
b ), (5f)
Uµ=
4
3
iδ˜aBµa, Uνµ =
4
3
iδ˜bBµνb, (5g)
W1=−
2
3
δ˜aJa, W1α = −
2
3
δ˜bJbα. (5h)
A double index a/b implies summations over S,D/V,R. The constants in front
of the densities in Eq. (5h) (αa/b, δa/b, δ˜a/b) are functions of the meson coupling
constants and masses. The δa/b, δ˜a/b constants reflect the combinations of Fierz
constants Cij, the meson coupling constants and masses of the mesons from
the derivative exchange terms of Eq. (4) in the equation of motion. Because
the formulas for the constants are lengthy and do not give particular insight,
we do not show them. S˜, V˜ α,W 1,W 2α are of order < 1 and Uµ, Uαµ are of order
v. We can see here that the Ci densities give rise to the term with prefactor
W j and the Biµ the term with prefactor U
jµ in the equation of motion.
Equation (5a) starts out like a Dirac equation and continues with very uncon-
ventional terms ∝ Γj∂µ and ∝ Γj∂
µ∂µ. The latter are generated from the Fierz
transformed exchange terms ∝ B and C in Eq. (4). These terms are awkward
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to handle. We would like to transform Eq. (5a) into a more standard form.
This will be done in section 4 by means of a Gordon decomposition. Before
that we first check the importance of the new terms. This will be done in the
following section.
From the discussion above it is clear that, in contrast to the claim of Ref. [17],
qualitatively, if a standard ansatz is used, a Lagrangian densitiy LHF can
be determined in a relativistic Hartree-Fock sense that is not equivalent to
that determined in a relativistic Hartree sense, LH . Of course, the Hartree or
Hartree-Fock calculations belong to effective theories, where many details or
ignored corrections can be hidden in the form of the effective interaction and
in its fitted parameters. In this sense, the models can only be compared after
refitting the parameters. Therefore, only quantitative calculations can actually
distinguish the predictive capabilities of the models. Before embarking into
the actual calculation, though, we present a rough approximation that gives
physical insight into the exchange contributions.
3 Estimating the Densities Bjµ and Cj
For a first overview, we compare the order of magnitude of the energy density
contributions of each term in Eq. (4) in the plane wave (nuclear matter) limit.
The dominant contributions in the energy density come from the terms with
Γj = 1, γ0. The terms with Γj = γ0 show a clear order counting and are easy
to calculate. It is illustrative to examine their order of magnitude. They will
be represented by :
ǫ1=−
1
2
αVJ
2
V
ǫ2=
1
2
δVA
2
V
ǫex1=−
cv
2
αVJ
2
V
ǫ1ex2= cvδV B
2
V
≈−
cv
4
δV
∑
αβ
[Ψ¯αγ0(~∇Ψα)− (~∇Ψ¯α)γ0Ψα].[Ψ¯βγ0(~∇Ψβ)− (~∇Ψ¯β)γ0Ψβ]
ǫ2ex2= cvδVJV CV ≈ cvδV
∑
αβ
(Ψ¯αγ0Ψα)(~∇Ψ¯β).γ0(~∇Ψβ)
cv is a constant due to the Fierz transformation. It is a function of the coupling
constants and fulfills cv ≤ 1. Because the formula for cv is lengthy and does not
give particular insight, we do not show it here. In the last two equations (ǫ1ex2
and ǫ2ex2), we neglect the energy dependent parts (retardation parts) by as-
suming that this contribution is small. Then in the plane-wave approximation
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Terms expression description order
ǫ1 ∼ −
1
2αV ρ¯
2
0 direct nonderivative term v
0
ǫ2 ∼ 0 direct derivative term 0
ǫex1 ∼ −
1
2cvαV ρ¯
2
0 exchange nonderivative term v
0
ǫ1ex2 ∼ −cvδV
3.4
6.02 ρ¯
2
0p
2
F exchange derivative term v
2
ǫ2ex2 ∼ cvδV
3.6
6.02 ρ¯
2
0p
2
F exchange derivative term v
2
Table 2
The order counting
the order counting which is shown in table 2 is obtained. We use
ρ¯0 ≡
(2S + 1)(2I + 1)
(2π)3
∫
d3kΨ¯kγ0Ψk
where S and I denotes spin and isospin, respectively, and pF is the fermi
momentum. If we define pF/mv = v, every exchange term in the derivative part
gives a contribution of order v2, where v < 1. Then in the nuclear matter limit,
ρ¯i 6= 0, ~∇ρ¯i =0, |
~¯Bi | /(mB ρ¯i) is of order v and | C¯i | /(m
2
Bρ¯i) is of order v
2,
while in finite nuclei, we know that ρi 6= 0 and ~∇ρi 6=0, where | ~∇ρi | /(miρi)
can be estimated to be of order v or maybe even smaller [17] by comparing the
direct and derivative terms in the Hartree level of the point-coupling model.
Here the index i denote V or S. If we consider the densities in finite nuclei
as consisting of the nuclear matter value plus fluctuation corrections due to
quantum effects, it seems reasonable to assume in finite nuclei that on the
average | ~Bi | /(mBρi) is also of order v and | Ci | /(m
2
Bρi) of order v
2.
In conclusion, it is reasonable to assume that the contribution from the deriva-
tive exchange terms could be similar or even a bit larger than the direct
derivative terms, so that they cannot be neglected if the direct derivative
terms, which are necessary for a reasonable description of the nuclear surface,
are kept.
It should be noted that even the nonderivative exchange terms are larger
than the derivative terms in order of magnitude, but their largest contribu-
tions (scalar-isoscalar, vector-isoscalar and vector-isovector) can be absorbed
into the nonderivative terms through a redefinition of the coupling constants
and refitting of the experimental data. The crucial difference between Hartree
and Hartree-Fock calculations of the nonderivative terms is represented by
the scalar-isovector term, which is usually omitted in most Hartree models.
In the Hartree-Fock approach presented here, it emerges naturally without
introducing an additional parameter.
As a further check of our procedure, we show a transformed form of the Bσ
terms through the Gordon decomposition [29] by using the exact equation
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of motion in Eq. (5). Here we only calculate the scalar case; the vector case
is similar but not as simple. In the limit of small v2 (for more details see
Appendix (2)), we have
Bσ ≈
∑
α
[
−
1
2
∂µ(Ψ¯ασ
µσΨα)− m¯
∗Ψ¯αγ
σΨα − V¯
σΨ¯αΨα
]
. (6)
The same result as above is obtained by using the equation of motion in the
form of a Dirac equation with scalar potential (m¯∗-m) and vector potential
V¯ σ. It means that in the limit of small v the Bσ can be determined from the
Dirac equation (second-order differential equation).
A similar situation holds for all Ci and Biµ, so that we can say that the trans-
formed form of the exact Ci and Biµ consist of parts responsible for generating
effects beyond the Dirac equation. The order of magnitude analysis above
shows that these parts are small. Neglecting them everywhere (via projecting
onto a Dirac-Hartree structure) will lead to the Dirac equation but neglecting
these small parts means also neglecting the retardation and nonlocal effects.
This is what we will do in the next section, where we map the exact Lagrangian
including exchange onto a Dirac-Hartree structure.
4 The Approximate Lagrange Density
The aim of this chapter is to derive an effective Lagrangian which leads to
a Dirac equation without extra derivative terms, i.e., we will formulate, by
employing some approximations, a Dirac-Hartree model.
The approximate forms of the densities Ci and Biµ are not yet known. We
expect to obtain from them an approximate Lagrangian density (with the
approximate forms of the densities Ci and Biµ), which should lead to a Dirac
equation of the form
[γµ∂
µ + i(m∗ + γαV
α + σαβT
αβ)]Ψα = 0, (7)
where m∗, V α and T αβ are real functions. It implies a connection between the
two types of functions: m∗, V α, T αβ and Ji, Aiµ, C
j, Bjµ. Therefore we will
try to obtain the Cj and Bjµ as functions of the m
∗, V α , and T αβ . This will be
done in an iterative procedure starting from m∗−m, V , T = 0 and generating
succesively terms with increasing orders. Finally, we use the approximate form
of m∗, V α , and T αβ to calculate Cj and Bjµ and from these approximate
densities Cj and Bjµ we obtain the approximate Lagrange density. These steps
will now be done explicitly for the scalar case (Γ =1).
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Starting point is the Gordon decomposition [29] of Eq. (7) which leads to
Ψ¯α[γµ
←−
∂µ − i(m∗ + γαV
α + σαβT
αβ)] 6 aΨα
−Ψ¯α 6 a[γµ∂
µ + i(m∗ + γαV
α + σαβT
αβ)]Ψα = 0, (8)
6 a = aµγµ and a
µ is an abritrary vector. Chosing 6 a = γµ yields
BS =
−i
2
(
Ψ¯α(∂
νΨα)− (∂
νΨ¯α)Ψα
)
=−i[∂µ(Ψ¯ασ
µνΨα) + 2m
∗Ψ¯αγ
νΨα + 2V
νΨ¯αΨα + 2ǫ
αβνθTαβΨ¯αγθγ5Ψα],(9)
From Eq. (7) we deduce directly
CS =(∂µΨ¯α)(∂
µΨα)
= [m∗2Ψ¯αΨα + 2m
∗V νΨ¯αγνΨα + 1/2∂
µ∂µ(Ψ¯αΨα)
+V νVνΨ¯αΨα − ∂ν(VµΨ¯ασ
µνΨα) + Ψ¯αf(Tαβ)Ψα]. (10)
Here f(Tαβ) denotes a complicated function of Tαβ which is zero for Tαβ=0
and the order of magnitude of this functions can be estimated as small there-
fore it is not necessary to show this function explicitly. These are the desired
expressions for BS and CS in terms of m
∗, V , and T . We would like to express
them in terms of standard currents. The construction for that proceeds as
follows:
The iteration procedure leads to m∗ = mB+ α˜SρS(x)+..., V
ν = α˜V J
ν
V (x) +...,
and T αβ = ..., where α˜S and α˜V are effective coupling constants. They are
functions of αS, αV , δS and δV , which come from the contribution of the
direct and the exchange part in front of the nonderivative and the deriva-
tive of the scalar and vector densities, respectively. In the above equations,
... denotes contributions from the derivative, isovector, nonlinear and tensor
correction parts. They will generate nonlinear terms in the Lagrangian density
that consist of all possible combinations of the above mentioned densities and
of all possible order. Now we obtain the approximate forms by neglecting ...
(neglecting higher order terms)
yielding
BS =−i[∂µ(Ψ¯ασ
µνΨα) + 2(mB + α˜SρS)Ψ¯αγ
νΨα + 2α˜V J
ν
V Ψ¯αΨα], (11a)
CS = [(mB + α˜SρS)
2Ψ¯αΨα + 2(mB + α˜SρS)α˜V J
ν
V Ψ¯αγνΨα + 1/2∂
µ∂µ(Ψ¯αΨα)
+(α˜V J
ν
V )
2Ψ¯αΨα − ∂ν(α˜V JV µΨ¯ασ
µνΨα)]. (11b)
Putting the pieces together yields
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L˜
PC(0)
S,Lx =−
1
2
∂µρS∂
µρS + 2m
2
Bρ
2
S − 2m
2
BJ
µ
V JV µ
−2mBJ
µ
V ∂
ν(JT νµ)−
1
2
∂ν(JT νµ)∂σ(JT
σµ),
L˜
PC(1)
S,Lx =4mBα˜Sρ
3
S + 2α˜
2
Sρ
4
S − 4mBα˜SρSJ
2
V + 2α˜V ρSJT νµ∂
ν(JµV )
−2α˜SρSJ
µ
V ∂
ν(JT νµ)− 2α˜
2
Sρ
2
SJ
2
V . (12)
The densities and currents appearing in these formulas are special cases of the
general Ji in Eq.(1), they read
ρS(x) =
∑
α
Ψ¯αΨα, J
µ
V (x) =
∑
α
Ψ¯αγ
µΨα,
~ρtS(x) =
∑
α
Ψ¯α~τΨα, ~J
µ
tV (x) =
∑
α
Ψ¯αγ
µ~τΨα,
JνµT (x) =
∑
α
Ψ¯ασ
νµΨα, ~J
νµ
tT (x) =
∑
α
Ψ¯ασ
νµ~τΨα. (13)
We see that the approximate form of the interaction effects in C and Bµ corre-
sponds to having all possible terms made up of products of different densities.
Eq. (12) define the scalar case of the approximation for the derivative exchange
terms in Eq. (4). The other cases can be derived similarly. The results are
displayed in table 3. Inserting these results into LPCL eff = 〈φ0| : Lˆ
PC
L : |φ0〉
yields:
LPCL eff =
∑
α=A
Ψ¯α(iγµ∂
µ −mB)Ψα
−
1
2
α˜Sρ
2
S −
1
2
α˜tS~ρ
2
tS −
1
2
α˜V J
2
V −
1
2
α˜tV ~J
2
tV
−
1
2
δ˜S∂µρS∂
µρS −
1
2
δ˜tS∂µ~ρtS∂
µ~ρtS −
1
2
δ˜V ∂νJ
µ
V ∂
νJV µ
−δ˜tV ∂ν ~J
µ
tV ∂
ν ~JtV µ −
1
2
θ˜TJ
µ
V ∂
ν(JT νµ)−
1
2
θ˜tT ~J
µ
tV ∂
ν( ~JtTνµ)
+L
PC(1)
Lx + L
corr
T + LA, (14)
L
PC(1)
Lx = cSL˜
PC(1)
S,Lx + cV L˜
PC(1)
V,Lx + ctSL˜
PC(1)
tS,Lx + ctV L˜
PC(1)
tV,Lx (15)
LcorrT =
1
16
δS(
1
2
∂µ(J
αβ
T )∂
µ(JTαβ) +
1
2
∂µ( ~J
αβ
tT )∂
µ( ~JtTαβ))
+
1
16
αS(JTνµJ
νµ
T +
~JtTνµ ~J
νµ
tT )
+
1
2
[cS∂
ν(JTνµ)∂σ(J
σµ
T ) + ctS∂
ν( ~JtTνµ)∂σ( ~J
σµ
tT )], (16)
10
Term Expression
L˜
PC(0)
V,Lx −
1
2∂µJ
ν
V ∂
µJV ν + 2m
2
BJ
ν
V JV ν ,
L˜
PC(1)
V,Lx −2α˜
2
V JV
4 + 4mBα˜SρSJ
2
V + 2α˜
2
Sρ
2
SJ
2
V
2α˜SρS∂
ν(JTνµJ
µ
V )·
L˜
PC(0)
T,Lx
1
2∂µ(J
αβ
T )∂
µ(JTαβ),
L˜
PC(1)
T,Lx 0.
L˜
PC(0)
tS,Lx −
1
2∂µ~ρtS∂
µ~ρtS + 2m
2
B~ρ
2
tS − 2m
2
B
~J2tV
−2mB ~J
µ
tV ∂
ν( ~JtTνµ)−
1
2∂
ν( ~JtTνµ)∂σ( ~J
σµ
tT ),
L˜
PC(1)
tS,Lx −4α˜SmBρS(
~J2tV − ~ρ
2
tS)− 2α˜
2
Sρ
2
S(
~J2tV − ~ρ
2
tS)
−2α˜S∂
σ( ~JtTσµ)ρS ~J
µ
tV + α˜V ~ρtS
~JtTσµ∂
σ(JµV )·
L˜
PC(0)
tV,Lx −
1
2∂µ
~JνtV ∂
µ ~JtV ν + 2m
2
B
~J2tV ,
L˜
PC(1)
tV,Lx 4α˜SmB
~J2tV ρS + 2α˜
2
Sρ
2
S
~J2tV
−2α˜2V (
~JνtV JV ν)
2
− 2α˜SρS∂
ν( ~JtTνµ ~J
µ
tV )·
L˜
PC(0)
tT,Lx
1
2∂µ(
~J
αβ
tT )∂
µ( ~JtTαβ),
L˜
PC(1)
tT,Lx 0.
Table 3
The different terms (except the scalar term) of the approximate Lagrange density.
with primed coupling constants α˜i, δ˜i, θ˜i. These are not new parameters but
can be related uniquely by a linear transformation to the given original couping
parameters of the model
(α˜S, α˜tS, α˜V , α˜tV , δ˜S, δ˜tS, δ˜V , δ˜tV , θ˜T , θ˜tV ) ⇐ (αS, αV , αtV , δS, δV , δtV )
The actual transformation is a bit lengthy. It is given explicitely in appendix
A.3.
Finally, LA is an electromagnetic Lagrangian density with an exchange cor-
rection, it just remains to approximate the exchange part by the local density
(Slater) approximation [30]. We have seen that in the Gordon decomposition
representation, the dominant part of the Bjµ and Cj densities can be replaced
effectively by tensor terms and all possible mixings or combinations of non-
linear terms in all orders. It means that if we perform Hartree calculations by
taking into account tensor terms and all possible mixings or combinations of
nonlinear terms of all orders, the effect of the dominant part of Bjµ and Cj is
already represented effectively, but still a part which manifests itself as an ef-
fect beyond the Dirac equation and retardation effects are not yet represented.
A strict Hartree theory including these additional effects can be constructed
by starting off with the appropriate terms, but at the cost of introducing new
parameters (the details about the mapping from Hartree-Fock to Hartree can
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be seen in Appendix (3)).
The new terms that emerge in our investigation lead to modifications of a) the
spin-orbit force due to tensor terms, b) the isovector channel due to products
of isoscalar and isovector terms and the inclusion of isovector-scalar terms
and c) the density dependence of the model. They in turn lead to a different
density dependence of the effective mass. A similar change of the spin-orbit
force and the effective mass might allow a larger effective mass closer to the
values predicted by Skyrme forces. It is interesting to discover the effect of the
modified density dependence in both the isoscalar and the isovector channel.
All these contributions arise without introducing new parameters.
This unavoidably complicated mapping of the original exchange terms into a
manageable Lagrangian in this rough approximation will now be applied to
typical nuclear systems.
5 Finite Nuclei
Since the model discussed in this paper is meant to be applied to finite nuclei,
observables connected with them should be considered when evaluating the
consequences of our approximate treatment of exchange terms. We will take
a look at a variety of different observables. The calculations are performed in
spherical symmetry.
As a preliminary step, we will apply further approximations. Let us take the
following Lagrange density:
LPCNL eff =Lfree + L˜
PC
L + L
PC(0)
Lx eff + L
PC
NL + LA + LAx, (17)
with
Lfree=
∑
α=A
Ψ¯α(iγµ∂
µ −mB)Ψα,
L˜PCL =−
1
2
α˜Sρ
2
S −
1
2
α˜V J
2
V −
1
2
α˜tV ~J
2
tV −
1
2
δ˜S∂µρS∂
µρS
−
1
2
δ˜V ∂νJ
µ
V ∂
νJV µ −
1
2
δ˜tV ∂ν ~J
µ
tV ∂
ν ~JtV µ,
L
PC(0)
Lx eff =−
1
2
α˜tS~ρ
2
tS −
1
2
δ˜tS∂µ~ρtS∂
µ~ρtS −
1
2
θ˜TJ
µ
V ∂
ν(JT νµ)−
1
2
θ˜tT ~J
µ
tV ∂
ν( ~JtTνµ),
LA=−
1
2
∂νA
µ∂νAµ + e
∑
α
Ψ¯αγ
µAµ
1
2
(1 + τ3)Ψα,
and
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LPCNL = −
1
3
βSρ
3
S −
1
4
γSρ
4
S.
Thus now L
PC(1)
Lx , L
corr
T , and L
PC
NLx in Eq. (17) are neglected. L
corr
T can be
considered to give a small contribution, and it is assumed that parts of L
PC(1)
Lx
and LPCNLx are already absorbed effectively in L
PC
NL , of course, this assumption
is not really true in the strict sense. We will study the following Lagrange
densities for which we will determine parameter sets as described in the next
section:
(1) LH: Point-coupling model, no nonlinear terms, exchange omitted
LLH=Lfree + L˜
PC
L + LA. (18)
(2) LHx : Point-coupling model, no nonlinear terms, approximate exchange
included
LLHx = LLH + L
PC(0)
Lx eff + LAx. (19)
(3) NLH : Point-coupling model, nonlinear terms, exchange omitted
LNLH = LLH + L
PC
NL . (20)
(4) NLHx : Point-coupling model, nonlinear terms, nonlinear exchange omit-
ted but linear exchange terms included
LNLHx = LLHx + L
PC
NL . (21)
Comparing these four versions should shed light on both the role of nonlinear
terms and of exchange for realistic applications.
5.1 Determination of Parameters
We follow the χ2 fitting procedure of Refs. [3,2], choosing the same set of phys-
ical observables (binding energies, diffraction radii and surface thicknesses of
16O,40Ca,48 Ca,58Ni,90 Zr,116 Sn,124 Sn, and 208Pb ) and weights (0.2% rela-
tive error for the binding energies, 0.5 % for the diffraction radii and 1.5% for
the surface thicknesses) using the constant gap pairing correlation [3,2]. Our
parameters are α¯S, α¯V , α¯tV , δ¯S, δ¯V and δ¯tV (six parameters) for LHx and LH
and additionally βS and γS for NLH and NLHx.
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Model χ2EB χ
2
Rd
χ2σ χ
2
Total
LH 872.21 70.09 1250.96 2193.27
LHx 89.31 18.58 429.31 537.20
NLH 27.65 6.57 75.79 110.01
NLHx 21.93 6.91 59.51 88.35
Table 4
χ2 results from the models defined by Eqs. (18-21). EB denotes the binding energies,
Rd the diffraction radii and σ the surface thicknesses
Model αS αV αtV δS δV δtV βS γS
LHx 27.632 -14.881 27.623 -0.517 -0.152 0.183 0 0
LH -16.706 12.829 2.152 -1.712 0.670 0.100 0 0
NLHx -12.315 2.193 3.110 -0.721 -0.041 0.045 24.168 -83.312
NLH -14.726 9.887 1.345 -0.746 -0.058 -0.377 23.734 -81.844
Table 5
Coupling constants of the various models
5.2 Results
Table 4 collects the χ2 results from the four model variations. Here LHx, LH,
NLHx, NLH denote parameter sets from Eqs. (18-21). EB, Rd and σ denote
the binding energy, diffraction radius, and surface thickness.
To see the difference among the four parameter sets clearly in binding energies
of finite nuclei, we use the error in the binding energies (EEB) and the two-
neutron (S2n) and the two-proton (S2p) separation energies from some isotopic
and isotonic chains. The error in the binding energy is defined as
EEB =
EB th − EB exp
EB exp
, (22)
while S2p and the S2n are defined as
S2n=EB(N,Z)− EB(N − 2, Z),
S2p=EB(N,Z)− EB(N,Z − 2) (23)
respectively, with EB(N,Z) being the calculated binding energy. Fig. 1 shows
that in the isotope chains, LHx has better EEB results than LH, but in the
isotonic chains, LH performs better. Thus even though LHx has a better χ2EB
than LH, it does not mean it must have better binding energy predictions for
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Fig. 1. Error in the binding energies for selected isotopes (upper part) and isotones
(lower part).
all spherical nuclei. Although the χ2EB of NLH and NLHx are not drastically
different from that of LHx, they yield much better predictions than LHx for
these isotopic and isotonic trends.We see here that the role of nonlinear terms
for an acceptable EEB prediction is more important than that of the tensor
terms, which in this case partly represents the exchange effect of the linear
point-coupling model. NLH has a quality in EEB as good as NLHx.
Fig. 2 shows that on the average, S2n and S2p from LHx are better than the
ones from LH. Here we can see an important role of the nonlinear terms for the
prediction of binding energies, because only NLH and NLHx can reproduce
the S2n and S2p experimental data for almost all represented isotopes and
isotones. The NLHx results are closer to the experimental data than NLH.
The effect of the presence of tensor terms in the nonlinear model cannot be
seen from EEB , but S2n and S2p show better trends.
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Fig. 2. Two-neutron separation energies (S2n) for lead and tin isotopes (top) and
two-proton separation energies (S2n) for N=82 and N=126 isotone chains N=82
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Errors in the diffraction radii (ERd)and the surface thicknesses (Eσ) are defined
similarly as for the binding energies. The left picture of figure 3 shows that LH
has an Eσ of more than 20 % . LHx has an Eσ value in the range below 20 %. It
is still a bad result compared to NLHx and NLH which have an Eσ value below
10 %. Although the χ2σ of NLHx is considerably better than for NLH, they yield
similar predictions for the surface thicknesses. This confirms the result of Ref.
[19], namely that the relativistic linear Hartree-Fock calculation still cannot
give acceptable surface thickness predictions. Here it is clearly shown that the
exchange effect has an important role in the surface thickness prediction. This
figure also shows that only models which include the nonlinearities can give
acceptable predictions. The right picture of figure 3 shows that the ERd results
16
40 80 120 160 200
Mass Number
0
5
10
15
20
25
30
35
Er
ro
ri
n
Su
rfa
ce
Th
ic
kn
es
s[
%
]
NLH
LHx
NLHx
LH
40 80 120 160 200
Mass Number
-2
-1
0
1
2
3
Er
ro
ri
n
D
iff
ra
ct
io
n
R
ad
iu
s[
%
]
NLHx
NLH
LHx
LH
Fig. 3. Error in the surface thicknesses and diffraction radii for some selected iso-
topes.
of the parameter sets behave quite differently in each isotopic chain, but as the
difference is not really significant, they may basically be considered to yield
similar predictions in ERd .
The definition of the error in spin-orbit splitting is the same as in the previ-
ous cases. For the neutron case, all models give a bad prediction for 90Zr(2p)
and 48Ca(1d). Only LH gives acceptable results in 208Pb(3p), LHx and NLH
in 16O(1p) and 40Ca(1d), and NLHx in 208Pb(3p), 16O(1p) and 40Ca(1d). For
protons, LH cannot give acceptable results. LHx and NLH have three accept-
able results while NLHx has four, all parameter sets cannot reproduce the
experimental result of 48Ca(1d) for protons. LHx is intermediate in quality
between LH, on the one hand, and NLH and NLHx on the other for the
single-particle spectra. From these facts it is clear that the exchange effects
from the linear terms are important for the shell structure though quanti-
tatively still insufficient, while the nonlinearity in the relativistic mean-field
model clearly appears necessary for shell structure predictions. For the case
of 208Pb, LHx shows strong fluctuations in the surface part of the density and
yields quite a large value of ρP (r) in the center. This fact is probably due to the
rough approximation used for the exchange of the derivative terms. We can
see the role of the nonlinearity in NLHx which remedies the central density in
comparison to LHx.
The above results can be understood from the nonrelativistic analysis [32]
as follows: the nonlinear models (NLH, NLHx) exhibit better predictions for
finite nuclei observables than the linear ones (LH,LHx) because they have
an adequat density dependence in the central and spin-orbit potentials. LHx
shows better predictions than LHx in shell structure related observables be-
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cause LHx contains a density dependence in the spin-orbit potential. LHx has
better predictions than LH in binding energy and surface thickness, but the
result is still far from acceptable (in contrast to NLH, NLHx) because LHx
gets the density dependence in the central potential not from the dominant
part C1 but from the minor part C6.
In summary, it is found that the exchange effect in the linear Hartree-Fock
point-coupling model cannot be absorbed effectively into the coupling con-
stants of a Hartree calculation. In agreement with Refs. [19,20] where the lin-
ear Walecka model was used, a similar situation happens in the linear point-
coupling model, namely that Hartree and Hartree-Fock calculations cannot
give predictions which are close to experimental data. The nonlinear terms are
needed to remedy this. Upon introducing the nonlinear terms, the exchange
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effect from the linear terms does not drastically show up. Thus it seems that
the nonlinear terms are more important than the exchange effect from the lin-
ear terms. The validity of this presumption still needs to be checked, however,
by the exact calculation, namely taking into account the exchange of both the
linear and nonlinear terms exactly.
6 Conclusion
We have shown that formally, a Lagrangian densitiy LHF of the standard
ansatz can be determined in a relativistic point-coupling Hartree-Fock sense
that is not equivalent to that determined in a relativistic point-coupling strict
Hartree sense, LH due to the exchange of the linear derivative terms and ex-
change of the nonlinear terms. The equivalency can be obtained if we use a
“complete” ansatz, but the cost we must pay is introducing more parameters.
The exchange of the linear derivative terms is created by the densities Ci and
Biµ. By using the Gordon decomposition, we can separate these densities into
two parts. The role of the first part can be replaced effectively by tensor terms
and all possible nonlinear terms, while the second part is a genuine feature of
these densities. This second part is responsible for creating effects beyond the
Dirac equation, nonlocal and retardation effects. An order of magnitude anal-
ysis of the Ci and Biµ densities in the Gordon decomposition representation of
these densities shows that these parts are expected to be small, yet the actual
role of these parts in finite nuclei observables is still interesting to investigate.
Also, as discussed before, taking into account the nonlinear exchange terms
might alter the picture significantly.
Our study, by using rough approximations in the Lagrangian densities, has
shown gradual improvements in prediction for the finite nuclei. These results
and the possibility that the effect of the exchange of the nonlinear terms
and some neglected effects in the approximate forms of the densities Ci and
Biµ, which could reveal more improvements or even give a different picture
in finite nuclei, support the importance of exact Hartree-Fock point-coupling
calculations.
Another interesting feature of such Hartree-Fock point-coupling calculations is
the possibility to take into account terms which cannot appear in the Hartree
calculation, for example the pionic degrees of freedom will contribute via the
exchange terms.
A reexamination of the ansatz is needed to improve the effectivity of the model
and a careful optimization procedure will be mandatory for fitting the model,
both need elaborate and extensive work. For these reasons, we postpone the
study of the complete quantitative Hartree-Fock model to future work.
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A Appendix
A.1 From the Walecka to the Point-Coupling Model
The advantages and disadvantages of both models in the context of the Hartree-
Fock calculation are discussed. A Lagrangian density operator for the Walecka
(W) model is chosen as in [21]:
LˆW = LˆWL + Lˆ
W
NL (A.1)
with
LˆWL =
ˆ¯Ψ(iγµ∂
µ −mB)Ψˆ
+
∑
i=S,V,R,A...
si[
1
2
(∂νφˆ
µ
i ∂
ν φˆiµ −m
2
i φˆ
µ
i φˆiµ)− gi
ˆ¯ΨΓµi φˆiµΨˆ], (A.2)
and
LˆWNL = −
1
3
b2ϕˆ
3 −
1
4
b3ϕˆ
4. (A.3)
where the meson contents can be seen in table A.1.
Meson φˆiµ (Field) gi (Coupling Const) mi (Mass) Γ
µ
i (Coupling terms) si
σ ϕˆ(x) gS mS 1 1
ω Vˆµ(x) gV mV γµ -1
ρ ~ˆRµ(x)
gR
2 mR γµ~τ -1
photon Aˆµ(x) e 0
1
2γµ(1 + τ3) -1
Table A.1
The meson contents of equation ( A.2).
For the φiµ, the fields used are ϕˆ(x), Vˆµ(x), ~ˆRµ(x) and Aˆµ(x), denoting a
scalar-isoscalar, a vector-isoscalar, a vector-isovector and the electromagnetic
field operators, respectively. gi and mi are the coupling constants and masses
of each field operator φˆiµ. We find that a difficulty appears to determine the
scalar field operator due to the nonlinearities making it different from a simple
Yukawa form. Some approximations have been done to overcome this prob-
lem [22,23,24] but as far as we know there is not yet an exact Hartree-Fock
calculation including mesonic nonlinear terms. Replacing
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−
1
3
b2φˆ
3
s −
1
4
b3φˆ
4
s −→−
1
3
βS(
ˆ¯ΨΨˆ)
3
−
1
4
γS(
ˆ¯ΨΨˆ)
4
we can avoid the above problem and the standard definition for the linear field
operators can be used as [21]
φˆiµ(x) = φˆ
0
iµ(x) + gi
∫
d4yD(x− y,mi)
ˆ¯ΨΓiµΨˆ,
φˆ0jµ(x) =
∑
α
(fαjµ(x)aˆαj + f
†
αjµ(x)aˆ
†
αj),
Ψˆ(x) =
∑
α
(Ψα(x)bˆα + Ψ˜α(x)dˆ
†
α), (A.4)
where Ψα(x), Ψ˜α and fαiµ denote a nucleon, an antinucleon, and a meson
wavefunction with α enumerating the states. The operators aˆαj , bˆα and dˆα
annihilate a free meson, a nucleon and an antinucleon with a momentum kα,
with the conjugate operators the corresponding creation operators. D(x,y) is
the meson propagator which is defined as a solution of
(∂µ∂
µ +m2i )D(x− y,mi) = δ
4(x− y). (A.5)
The necessity to introduce an extra density dependence in Dirac-Brueckner-
Hartree-Fock calculations that allows a simultaneous fit of the NN phase shift
and the nuclear matter equilibrium point [25,26] provides a physical motiva-
tion for this replacement.
Further on, we can study the connection between the Walecka and point-
coupling models by replacing the meson propagators with their low-order ex-
pansion plus additional parameters ki as
−
∫
d4p
(2π)4
e−ip.(x−y)
p2 −m2i + iǫ
−→
1
m2i
δ4(x− y)−
ki
m4i
∂µ∂
µδ4(x− y), (A.6)
to arrive at the Lagrangian density operator of the point-coupling (RMF-
PC) [17] model in section 1.
A.2 Gordon decomposition of the exact equation of motion
After a straightforward Dirac matrix algebra calculation we have from the
Gordon decomposition of the exact equation of motion that A1+A2+A3 =0,
with
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A1=−
1
2i
[(∂σΨ¯α)Ψα − Ψ¯α(∂
σΨα)]
+
1
2
Uµ[(∂
µΨ¯α)γ
σΨα − Ψ¯αγ
σ(∂µΨα)]
+
1
2
W1∂µ[(∂
µΨ¯α)γ
σΨα − Ψ¯αγ
σ(∂µΨα)]
+
1
2
Uσµ [(∂
µΨ¯α)Ψα − Ψ¯α(∂
µΨα)]
+
1
2
W σ2 ∂µ[(∂
µΨ¯α)Ψα − Ψ¯α(∂
µΨα)], (A.7)
A2=
1
2
∂µ(Ψ¯ασ
µσΨα)−
1
2
iUαµ∂
µ(Ψ¯ασ
ασΨα)
−
1
2
iW2α∂
µ∂µ(Ψ¯ασ
ασΨα), (A.8)
A3= m˜
∗Ψ¯αγ
σΨα + V˜
σΨ¯αΨα. (A.9)
Let us define m˜∗ ≡ m¯∗+∆m∗ and V˜ α ≡ V¯ α+∆V α, where ∆m∗ and ∆V α are
the parts of m˜∗ and V˜ α of order v2. Note that up to this point the treatment of
exchange is still exact. Now, if we apply the order-of-magnitude estimation of
section 3 to study the magnitude in every term in A1 through A3 and assume
that the terms of order ≥ v2 are small and can be neglected, it is obvious
that only the first term in A1 and A2 will survive and the ∆m
∗ and ∆V α
contributions vanish in A3. Therefore in this limit we will obtain Eq. (6) of
section (3).
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A.3 The coupling constants of the approximate Lagrangian
α˜S =αS − (
1
8
αS +
4
8
αV +
12
8
αtV )− 2m
2
B(
1
8
δS +
4
8
δV +
12
8
δtV )], (A.10a)
α˜V =αV + (−
1
8
αS +
2
8
αV +
6
8
αtV ) + 2m
2
B(−
1
8
δS +
2
8
δV +
6
8
δtV )
+2m2B(
1
8
δS +
4
8
δV +
12
8
δtV ) (A.10b)
α˜tS = (−
1
8
αS −
4
8
αV +
4
8
αtV ) + 2m
2
B(−
1
8
δS −
4
8
δV +
4
8
δtV )] (A.10c)
α˜tV =αtV + (−
1
8
αS +
2
8
αV −
2
8
αtV ) + 2m
2
B(−
1
8
δS +
2
8
δV −
2
8
δtV )
−2m2B(−
1
8
δS −
4
8
δV +
4
8
δtV )] (A.10d)
δ˜S = δS + (
1
16
δS +
4
16
δV +
12
16
δtV ) (A.10e)
δ˜V = δV − (−
1
16
δS +
2
16
δV +
12
32
δtV ) (A.10f)
δ˜tS = (
1
16
δS +
4
16
δV −
4
16
δtV ) (A.10g)
δ˜tV = δtV − (−
1
16
δS +
2
16
δV −
4
32
δtV ) (A.10h)
θ˜T =4mB(
1
16
δS +
4
16
δV +
12
16
δtV ) (A.10i)
θ˜tT =4mB(
1
16
δS +
4
16
δV −
4
16
δtV ) (A.10j)
cS = (
1
16
δS +
4
16
δV +
12
16
δtV ),
cV = (−
1
16
δS +
2
16
δV +
12
32
δtV ),
ctS = (−
1
16
δS +
4
16
δV −
4
16
δtV ),
ctV = (−
1
16
δS −
2
16
δV +
4
32
δtV ),
(A.10k)
A.4 A complete mapping from Hartree-Fock to Hartree
It has been shown that the usual ansatz for the point-coupling RMF model,
when considered within the Hartree-Fock approximation, leads to equations
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that deviate from the structure of a Dirac-equation. The source for these
differences are the exchange terms with derivatives, leading to densities that
do not occur in the standard Dirac-Hartree model.
It should be mentioned, however, that the reason for these deviations is the
form of the Lagrange density operator, with which we start off. We could as
well choose a Lagrangian meant for a strict Hartree treatment, which would
lead to the same structure as we obtained it in this investigation. A simi-
lar situation holds for the Skyrme-Hartree-Fock theory. The mapping can be
achieved by adding terms that lead to the new densities in the Hartree-Fock
case. The Lagrangian density would have to be complemented by the following
terms:
∆Lˆderivativenew =
∑
j∈H
[
1
2
i αj Aˆjµ Bˆ
jµ +
1
2
βj Bˆjµ Bˆ
jµ +
1
2
θj Jˆj C
j
]
, (A.11)
here αj , βj and θj are free parameters. This would include, however, the intro-
duction of additional parameters, whereas in the HF case, no new parameters
arise. The ansatz complemented by Eq. (A.11) leads to the same type of equa-
tion in both the Hartree and the Hartree-Fock approximations.
Though the mapping of the Hartree-Fock (and the corresponding effective
Hartree) theory to a related strict Hartree theory can be done in principle, it
would be at the cost of introducing and motivating new terms and additional
coupling constants. If we also consider higher order terms [27], a complete
mapping to a Hartree theory would introduce many new parameters. Experi-
ence will tell which ansatz for the effective interaction will prove to be most
adequate for a Hartree-Fock theory for finite nuclei.
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